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Abstract— When unobserved heterogeneity exists in popu-
lations where the phenomenon of interest is governed by a
functional form of change linear in its parameters, thegrowth
mixture model(GMM) is extremely useful for modeling change
conditional on latent class (Muth́en, 2001a; Muth́en, 2001b;
Muth én, 2002). However, when the functional form of interest is
nonlinear in its parameters, the GMM is not very useful because
it is based on a system of equations linear in its parameters.
The latent classification differential change (LCDC) model is
proposed and developed so that unobserved heterogeneity can
be modeled in populations where the phenomenon of interest
is governed by functional forms of change nonlinear in its
parameters. Due to the integration of nonlinear multilevel
models and finite mixture models, neither or which have closed
form solutions, analytic solutions do not generally exist for
the LCDC model. Five methods of parameter estimation are
developed and evaluated with a comprehensive Monte Carlo
simulation study. The simulation showed that the parameters
of the LCDC model can be accurately estimated with each of
the proposed methods, and that the method of choice depends
on the precise question of interest.

Index Terms— longitudinal data analysis, analysis of change,
growth modeling, growth mixture modeling, heterogeneous
population, heterogeneous change, nonlinear growth models,
nonlinear change models, functional form of growth, functional
form of change

I. I

An overarching theme permeating the whole of the sci-
entific enterprise is the study of change. Although true for
science in general, understanding the process of change in
developmental and learning contexts are especially impor-
tant, as key component of each is change. The difficulties
that arise when attempting to understand the process of
change in general has motivated an abundant amount of
methodological work. Even though so much time and ef-
fort has been dedicated to gaining a better understanding
of the process of change, state-of-the-art methods are not
adequate when unknown heterogeneity exists in a population
where change is governed by some nonlinear functional
form. When the process of change for some phenomenon
of interest is governed by a nonlinear functional form, most
development and learning processes being a special case of
such a phenomenon, modern methods of analyzing change do
not address the fact that latent classes of individuals might

exist and that those individuals might have a different set of
parameter values e.g., Browne & du Toit, 1991; van Geert,
1991; Cudeck, 1996.

When studying change, especially in the behavioral sci-
ences where a multitude of interindividual variability exists,
it is often reasonable to hypothesize that not all individual
entities change in the same fashion. It may be the case
that there are underlying classes (subpopulations) of entities,
where the different classes each have a unique set of parame-
ters governing the process of change or even follow different
functional forms of change altogether. If such classes exist,
standard methods of longitudinal data analysis applied to
phenomenon following a nonlinear functional form may not
yield meaningful results. The reflexive application of change
models that have a single set of parameters that supposedly
represents the population of individual entities may in fact
represent few or none of the individual entities. When a
single population is composed of two or more unknown
subpopulations (i.e., latent classes), treating the individuals as
representative of a single population, as in a standard change
model, yields averaged results (the results are analogous to
a weighted mean across latent classes).

In such a scenario the conclusions drawn are potentially
misleading because each of the subpopulation distributions is
contaminated with the other subpopulation(s). Basing param-
eter estimates on contaminated distributions is problematic
because the estimates are not representative of the properties
of either distribution. What would be ideal is if the parameter
estimates of change could be conditional on the latent class.
In doing so the resultant parameter estimates would be rep-
resentative of the properties within each of the latent classes.
Such a scenario is ideal because the parameter estimates
are meaningful for the individual entities contained in each
of the latent classes. Thus, questions of interest regarding
change would best be applied within each of the classes (i.e.,
conditional on class membership) and not across all of the
classes simultaneously.

In a series of works Muth́en has proposed a general latent
variable technique that encompasses the growth mixture
model (GMM; Muth́en, 2001a, 2001b, 2002; Muthén &
Shedden, 1999). Within the GMM context individuals are
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nested within unknown and thus latent classes, and within
these latent classes there is generally variability around the
class specific population coefficients of change. The GMM
model is analogous to a multiple group analysis, but group
membership is itself unknown and must be estimated. Al-
though Muth́en’s GMM is capable of combining variable-
centered and pattern-centered approaches to studying change
(Muthén & Muthén, 2000), the GMM is limited in several
respects. The major limitations of the GMM is that it is built
on a linear system of equations and thus it is necessarily
limited when change models nonlinear in their parameters
are of interest.

Recent work reflecting increased appreciation of models
of change nonlinear in their parameters is beginning to gain
ground in the behavioral sciences. Methodologists have been
giving models nonlinear in the parameters increased attention
because of the unrivaled benefits they provide compared
with models linear in their parameters. Nonlinear models of
change are models where parameters enter the mathematical
function defining the trajectories in a nonlinear fashion. As
has been delineated numerous times (e.g. Thissen & Bock,
1990; Browne & du Toit, 1991; Davidian & Giltinan, 1995;
Cudeck, 1996; Pinheiro & Bates, 2000), models nonlinear
in their parameters provide many benefits, especially for
modeling behavioral phenomenon where there is generally
some limited capacity (i.e., the rate of learning slows as
the material is mastered). Nonlinear models have many
advantages over their counterparts whose parameters enter
linearly. For example, nonlinear models need not exhibit the
unlimited growth or decay characteristic of linear models,
oftentimes nonlinear models of change require fewer param-
eters than do linear models for change that is asymptotic
and/or sigmoidal (“S-shaped”), and the parameters of non-
linear models oftentimes have “real-world” interpretations.
Furthermore, nonlinear models many times conform to a
researchers theory about the phenomenon of interest as it
changes over time (e.g., when knowledge has been mastered
the trend asymptotes to some maximal value; the learning
curve may be shallow at first, become steep, and then become
shallow again; the point at which curvature changes from
concave up to concave downward [i.e., an inflection point]
may be a theoretically meaningful and predicted value, etc.).

As has been historically understood in the behavioral
sciences since Allport (1937; but see Lamiell, 1998, for
theoretical clarification of Windelband’s, 1921, originating
work on the distinction between idiographic and nomoth-
etic conceptualizations), an idiographic approach to under-
standing behavior involves focusing on the individual and
acknowledges that individuals may be qualitatively or quan-
titatively different from one another, whereas the nomothetic
approach to understanding behavior attempts to establish
universal laws that generalize over individuals (see also
Dunn, 1994). Idiographic and nomothetic conceptualizations

of behavior are traditionally considered antithetical (Dunn,
1994, p. 377). Because idiographic and nomothetic concep-
tualizations are often thought of as being mutually exclusive,
potential benefits of combining the approaches in an inte-
grated fashion often go unrecognized. What has not often
been realized in practice, however, is that combining the
idiographic and nomothetic conceptualizations of behavior
into a single model of change may lead to more realistic and
powerful models of change than either approach alone.

The proposed work attempts to fully integrate idiographic
nomothetic approaches in an analysis of change context
for models of change nonlinear in their parameters. In so
doing, variable-centered and pattern-centered techniques are
combined in an effective and unified way, where the focus
is not on either a completely homogeneous or a completely
heterogeneous population, but rather on some combination of
the two. If one were to accept the premise that some behavior
or pattern of behavior is best explained by relying on both
idiographic and nomothetic conceptualizations, the method
of data analysis should be flexible enough to allow such
a rich theory to be incorporated into the statistical model.
The latent classification differential change (LCDC) model
is developed for such purposes when individuals follow
nonlinear trajectories and multiple subgroups of individuals
exist (this model subsumes many commonly used change
models as special cases).

The LCDC model is conceptually similar to Muthén’s
GMM, however, the model flexibility and estimation pro-
cedures that define the LCDC model for classification and
parameter estimation are fundamentally different from the
GMM. There is greater flexibility in the functional forms
of change that can be modeled with the LCDC model,
because unlike Muth́en’s GMM the LCDC model is not
restricted to functional forms linear in their parameters. When
a process changes in a nonlinear fashion over time, and
unknown heterogeneity exists, the LCDC model provides
a conceptually appealing method of parameter estimation
that is more flexible than current methods for understanding
unknown heterogeneity in the context of longitudinal data
analysis.

The potential problems of using nomothetic models that as-
sume a homogeneous population on idiographic phenomenon
where latent classes exist are tremendous. Obtaining param-
eter estimates that are from a mixed distribution generally
implies that neither of the mixtures (latent classes in this
case) are accurately represented by the parameter estimates.
Basing important decisions on the results of a study that used
a nomothetic model for data that consists of latent classes
can be very problematic. Such decisions are unknowingly
being based on biased estimates. The potential bias can be
negligible or it can be tremendous, determining on the extent
of the mixture and the separation of the latent classes.

With the LCDC model, many potentially interesting and



important questions can be addressed. A few of those that fit
into this framework are given below:

1) What functional form of change describes academic
change (e.g., linear, quadratic, asymptotic regression,
logistic, Gompertz, etc.) for some entity of interest
(e.g., regions of the country, states, districts, etc.)?

2) What are the parameter estimates of the hypothesized
functional form of change (e.g., at what age does an
asymptotic value seem to be reached, what is the rate
of linear change)?

3) How much variability exists for the parameter estimates
of the hypothesized functional form of change (e.g.,
does the slope parameter different for different states
or are states changing at the same rate)?

4) Do ‘clusters’ of entities seem to exist, where the vari-
ability within cluster is much less than the variability
between ‘clusters’ (e.g., do unknown latent classes of
states exist where their change is relatively homoge-
neous)?

5) Do quantitative differences in change parameters exist
for the same functional form (especially for functional
forms nonlinear in their parameters), leading to clusters
of entities being well represented by a set of fixed pa-
rameter values (with potentially unique effects around
the parameters) that differ in value from other clusters
of entities?

6) Do qualitative differences in change exist, where the
functional form of change is different for different
clusters (i.e., latent classes) of entities (e.g., some states
follow a straight-line change model while others follow
an asymptotic regression change model)?

The six research questions listed above are very rich and,
if answered, would provide a great deal of information to
researchers whose questions are not readily solvable given
the current state of research methodology on the analysis
of change. Because the answers to these questions would
provide so much information about change, yet the fact that
they do not have unambiguous solutions provides a major
shortcoming in the literature. Questions 4, 5, and 6 from
above are especially well suited to researchers working within
the areas of development and learning, because variability
across individuals will not always be fully explainable by
random variation around a single set of population parameters
alone (i.e., there more be more than a single set of fixed
effects with unique effects around these parameter estimates).
There may be unknown but real differences among the
individuals in terms of their change parameters because of
latent classes (Question 4). If such heterogeneity exists, it
would be beneficial to explore why such differences exist.
Furthermore, individuals might be falling behind the typical
trajectory and may benefit from an intervention or some sort
of remedial attention of a particular learning task. Thus,
clusters of individuals might change in a different fashion

because of quantitative differences (Question 5) in change or
because of qualitative differences (Question 6) in change.

Quantitative differences in change would occur when a sin-
gle functional form of change exists to describe state change
over time, but different latent classes exist, each with their
own unique set of parameter values. Qualitative differences
in change would exist when the functional form describing
change is somehow different across the latent classes in
the population, and thus the functionals are not a nested
versions of one another. For example, the highest achieving
individuals might seem to be governed by an asymptotic
change curve (i.e., a negative exponential), whereas those
failing to achieve adequate change might be governed by a
logistic change curve. The importance of getting the model
correct and appropriately carrying out the model is important
if the change parameters are to be meaningful. In situations
where unknown heterogeneity exists yet is ignored, parameter
estimates will be based on mixed distributions, which leads
to bias in estimated parameter values.

II. T L C D C M

Because of the deficiency of statistical methods currently
available for modeling longitudinal data when interest lies
in latent classes that each have their own potentially unique
set of parameters from a change model nonlinear in its
parameters, a new model for longitudinal data analysis is
proposed. The model is alatent classificationmodel because
unknown classes of individuals are assumed to exist within
a heterogeneous population. It is adifferential changemodel
because it is assumed that the different classes of individuals
are governed by a unique set of unknown parameters and
thus change differentially over time. The model explicitly
acknowledges the fact that different classes of individuals
potentially have their own unique set of parameter values,
with potential constraints across class, and allows within
class variability around the class specific fixed effects. Con-
ceptually the LCDC model is an extension of the GMM.
The LCDC model is a conceptual extension of the GMM
because the LCDC model allows nonlinear change models
to be carried out in heterogeneous populations when class
membership is unknown.

The LCDC model is predicated on a heterogeneous pop-
ulation (like the GMM), where the parameters of change
differ across latent classes and are governed by a change
model nonlinear in its parameters (unlike the GMM). These
interindividual differences in change are in part a function
of class membership and in part a function of individual
uniqueness. In this sense, the LCDC fulfills the ideals of
integrating the idiographic and nomothetic conceptualizations
of behavior into a single unified model. The core LCDC
model is nonlinear in its parameters, where a special case
is a model linear in its parameters. An assumption of the
LCDC model is that a finite number of classes exist, each



with a unique set of parameter values. Although the general
model allows a unique class specific value for each model
parameter, parameter invariance can be imposed for selected
parameters across some or all of the classes (with some
of the proposed methods of estimation). Conceptually, the
LCDC is a combination of the FMM and the nonlinear
MLM. In particular, the theory of the LCDC combines both
methodologies so that a finite number of classes can each be
represented by a nonlinear MLM with unique class specific
parameters.

The LCDC model assumes that individuals within a class
have trajectories of change that are relatively homogeneous,
whereas trajectories of change across class are relatively
heterogeneous. Of course, because the LCDC model assumes
that interindividual differences in change are a function of
both class membership and individual uniqueness, the degree
of within group homogeneity is relative to the degree of
across group heterogeneity. This is the case because unique
effects are assumed to exist around the fixed effects within
each class, while different parameter values are allowed
across class. Following the formal definition of the LCDC
model, five estimation procedures are proposed as ways
to obtain parameters estimates of the LCDC model. The
accuracy of the methods is then explored via a comprehensive
Monte Carlo simulation study.

A. Defining the Latent Classification Differential Change
Model

Let yit be the outcome variable of theith individual (i =
1, . . . ,N) at thetth measurement occasion (t = 1, . . . ,Ti), ait

be the value of some nonstochastic time dependent basis at
the tth measurement occasion for theith individual, andxim

be themth time invariant predictor variable (m = 1, . . . ,M)
for the ith individual. Further letyi =

[

yi1, . . . , yiTi

]′ be
a vector of lengthTi of the observed scores for theith
individual,ai =

[

ai1, . . . ,aiTi

]′ be the vector of lengthTi of the
time dependent basis for theith individual,xi = [xi1, . . . , xiM ]′

be the vector of lengthM of time invariant predictor variables
for the ith individual, andX = [x1, . . . , xN]′ be the N by
M matrix of predictor variables for all individuals. The
functional form governing the trajectory of change for all in-
dividuals is denotedf (a), wherea is a generic representation
of the time dependent basis with the functionf (·) having P
parameters. Givenf (a), let θi =

[

θi1, . . . , θip

]′
be aP length

vector of true change coefficients defining the trajectory of
interest for theith individual andΘ = [θ1, . . . , θN]′ be the
N by P matrix of individual change coefficients. The vector
of length N that identifies which of theG classes from a
mutually exclusive “crisp set” theith individual is a member
is denotedγ = [γ1, . . . , γN]′. A crisp class in this context is
where individuals are assigned to one and only one class and
thus no partial membership exists.

Given f (a), Θ, andγ, let f (ag) be a special case off (a)

for the gth class withπg

(

G
∑

g=1
πg = 1

)

being the proportion

of the population who are members of thegth class andng
(

G
∑

g=1
ng = N

)

being the number of individuals in the sample

who are members of thegth class. The functional form of
f (ag) is thus equal to or a special case off (a), however some
if not all of the P parameters of change inf (ag) are specific
to the gth class. Conditional onθi , γi , andµg, whereµg =

[µ1g, . . . , µPg]′ is thegth class specific population mean vector
for the P fixed effect parameters of change, E[υi ] = 0 with
varianceΣg and has aP dimensional multivariate normal
distribution, whereυi = [υi1, . . . , υiP]′ are the individual
specific unique effects defined asυip = θip − (µgp|γi).

The LCDC model implies that the coefficients of change
for the individuals conform to the following probability
density function:

d(θi , xi ; Ψ) =
G

∑

g=1

πgφP(θi , xi ;µg,Σg), (1)

where θi and xi are taken together,φP represents aP
dimensional multivariate normal probability density function,
and Ψ =

[

Ψ
′
1, . . . ,Ψ

′
G

]′
, where Ψg =

[

πg,µ
′
g, vech(Σg)′

]′

that may or may not be saturated with vech(·) being an
operator that stacks the columns of a symmetric matrix by
leaving out elements above the main diagonal. Equation 1,
which defines the density of the heterogeneous population
of change coefficients, is analogous to the general density
of a mixture distribution (e.g., McLachlan & Basford, 1988;
McLachlan & Peel, 2001)

What is of interest in the LCDC framework is not literally
the probability density function ofθi given xi , rather what is
of interest are the parameters from a nonlinear MLM with
multiple classes of individuals. However, class membership is
unknown and must itself be estimated. The desire is to have
a multiple group nonlinear MLM, where rather than having
a known grouping structure the grouping structure is latent
and must be estimated, implies a MLM of the form:

yig = f (A igβg + Z igυig, xig) + εig, (2)

whereg is unknown and must be estimated. Thus, the LCDC
model is conditional on the unknown class memberships
(i.e., g), which themselves must be estimated.1 The class
identification vector,γ, can be estimated with the optimal
rule of classification with a FMM whose probability density
is defined by Equation 1. The optimal rule for classification
simply states that an individual entity should be classified into
the class that the entity is most likely to belong (McLachlan
& Basford, 1988, pp. 11, 45–46; sometimes this is called
the Bayes rule, Anderson, 1984, chapter 6). Note the one-
to-one relationship betweenθi , the ith individual’s change

1Note that ifg in Equation 2 where know it could be replaced byj and
the LCDC model would reduce to the nonlinear MLM.



coefficients, in Equation 1 andυig, the unique effects asso-
ciated with theith individual whom is in thegth class from
Equation 2.

Each of the classes in the general LCDC model of Equa-
tion 2 potentially has a unique set of fixed effects, βg, a
unique covariance matrix of errors,Σεg, and has a unique co-
variance matrix for the unique effects,Συg. Without imposing
constraints on the model parameters, either by fixing param-
eters to specified values or imposing parameter invariance,
there are potentially a large number of parameters that can
be estimated. Momentarily supposing each of the individuals
is measured at the sameT measurement occasions, there
are potentiallyGP fixed effect parameters,G(T(T + 1))2−1

error covariance parameters, andG(P(P + 1))2−1 unique
covariance parameters. Thus, with no parameter constraints,
there are a total ofG[p+ (T(T+1)+ p(p+1))2−1] parameters
defining the LCDC model. Of course, in order for the model
not to be under-identified, parameter constraints must be
imposed. Thus, not all possible parameters can be free to
vary, as doing so yields an inestimable model where there
are more equations than unknowns (see Loehlin, 1998, for a
discussion of these issues in a different, yet related, context).
A reasonable constraint reduces a large number of parameter
if σ2

εgI is the error structure for each of the classes, and even
more constrained withσ2

ε1 = σ
2
ε2 = . . . = σ

2
εG. The potential

flexibility of the model necessarily implies more parameters
than either a standard MLM or a standard FMM. Given
the difficulties that often exist for estimation of complicated
FMMs and especially for nonlinear MLMs, it is no surprise
that estimation of the LCDC model can be difficult. The
next section discusses how likelihood estimation theoretically
applies to the parameters of the LCDC model.

B. Parameters of the LCDC Model

Because the LCDC model combines ideas from the FMM
with ideas from the general nonlinear MLM, the likelihood
function for the LCDC model can be written as

L(Y,X; Ω) =
N

∏

i=1

d(yi , xi ; Ω) (3)

where L represent the likelihood function andΩ is the
R length vector of parameter values defining the particular
LCDC model. The parameter vectorΩ can be written in a
general form:

Ω = [π1, . . . ,πG−1, β
′
1, . . . , β

′
G,

vech(Σε1)
′
, . . . , vech(ΣεG)′, vech(Συ1)

′
, . . . , vech(ΣυG)′]′,

(4)
where a uniqueβg is the vector of fixed effects for thegth
class,Σεg is the covariance matrix of errors for thegth class,
and Συg is the covariance matrix for unique effects for the
gth class.

An obvious question that arises is how the likelihood
function of Equation 3 relates to the probability density

function defined in Equation 1. The vector of group specific
population means contained inµg from Equation 1 is anal-
ogous to the fixed effect change parameters contained inβ′g
from Equation 4. Furthermore, the class specific population
covariances contained inΣg from Equation 1 are analogous
to the class specific covariances contained inΣυg from
Equation 4. Knowing this, Equation 1 can be rewritten so
that it is consistent with the notation used for the likelihood
function of the LCDC model defined in Equation 3:

d(θi , xi ; Ψ) =
G

∑

g=1

πgφP(θi , xi ; βg,Συg). (5)

III. M   P E   LCDC M

In large samples when all assumptions are met and the
model is correctly specified, parameter estimation by full in-
formation maximum likelihood provides many benefits and is
generally the optimal method from a statistical point of view.
However, for many complicated models, especially those with
nonlinear unique effects (Pinheiro & Bates, 2000, section
7.2.1), the likelihood function may be difficult or impossible
to write analytically given the current state of knowledge and
the limitations of statistical theory. If the likelihood function
cannot be analytically derived, an approximate likelihood
function can sometimes be used. Rather than maximizing the
likelihood function, a reasonable way to proceed is to make
use of an approximate likelihood function. As Davidian and
Giltinan describe in the context of nonlinear MLMs, “the
analytical intractability of likelihood inference has motivated
many approaches based on approximations” for nonlinear
MLMs (2003, p. 403). Thus, given the current limitations of
likelihood estimation and inference, carrying out nonlinear
MLMs is almost always based on approximate procedures.
As a result, parameter estimates based on approximate like-
lihood functions are themselves necessarily approximate.

Given the approximate nature of parameter estimates from
nonlinear MLMs, the estimation of the parameters of the
LCDC model is necessarily constrained. Evidence of this
is understandable given that a special case of the LCDC
model is a standard nonlinear MLM whenG = 1. In such
a situation, the “mixture” is actually a single homogeneous
population and the LCDC model is reduced to a MLM.
Because the present work does not attempt to improve or
propose estimation procedures for the nonlinear MLM, but
rather relies on estimation procedures commonly used for
carrying out the model, a known shortcoming of the LCDC
model (like nonlinear MLMs in general) is that estimation
of the parameters is based on estimation methods that do
not have the optimal properties of full information maximum
likelihood.

Five different estimation procedures are proposed that are
conceptually reasonable and theoretically statistically sound
methods for estimating the parameters of the LCDC model.



A large scale simulation study was conducted to evaluate
the effectiveness of the proposed procedures. A very general
summary is that the methods were shown to work well in real-
istic situations, with the most appropriate estimation method
depending on the precise question of interest the researcher
is interested in evaluating. The methods of estimation and
their effectiveness will be discussed.

IV. C

When heterogeneity exists in an analysis of change con-
text, ignoring the heterogeneity introduces bias into the ob-
tained results. In such a situation the parameter estimates that
are supposed to represent a single homogeneous population
instead represent a mixture of homogeneous subpopulations.
This potentially translates into a model of change that is
meant to represent everyone with a single trajectory but in
actuality may fit no one. When theory or data suggest the
existence of latent classes in an analysis of change context,
combining a MLM or LGC framework with the FMM is
necessary to ensure the parameter estimates are conditional
on the latent classes. In cases where the functional form
governing change is linear in its parameters, the GMM
provides a powerful and elegant model to help understand
change. However, in cases where the functional form of
change is governed by a nonlinear functional form, which is
probably more often than not true in the behavioral sciences,
use of the LCDC model of change is appropriate. The
LCDC model of change and its estimation methods can
address a diverse set of questions arising from data having a
wide range of complicated structures. The hope is that by
explicitly modeling unknown heterogeneity in populations
where the functional form of change has parameters that enter
nonlinearly will help better address the questions asked by
applied researchers who are interested in understanding, and
not simply analyzing, change.
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