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Introduction

It is shown on page 462 of Akhiezer and Berestetsky that radiative corrections induce the

following modification of the current-field interaction energy:
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where F),, is the electromagnetic field tensor. This can be rewritten in terms of electric and
magnetic fields as:
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For a static magnetic field é, this reduces to
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Multipole Expansion

Let us consider the interaction of the anomalous moment with the photon field. Describe
the electromagnetic field by a multipole expansion:
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where
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The above expression is in the transverse gauge. Since the fields are gauge independent,
this gauge will lead to the same fields as any other. From page 217 of Varshalovich we find:
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The electron-photon field interaction energy is
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Note that h/(mc) = aap, so that in atomic units,
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Using the multipole expansion, we obtain
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The matrix element of the term in curly braces is
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to write the matrix element above as
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The electric-dipole matrix element is that with J =\ = 1.
With the aid of the general formulas:
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we find
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Combining, we find
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Electric dipole: It follows that the modified dipole matrix element (x/||t(
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Let us examine the low-frequency limit of this expression. We find
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Magnetic dipole: Similarly, the magnetic dipole matrix element is given by
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In the Pauli approximation, this reduces to
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where we introduce the conventional magnetic-dipole matrix element M through the relation
(K'|[tO]|k) = 2% M. As a specific example, we find
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for the fine-structure transition npz/; — npy/o.

Appendix

Dirac Matrices

The basic Dirac « and (3 matrices are
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where o; are the 2x2 Pauli matrices
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and where [ is the 2x2 identity matrix. The Pauli matrices satisfy the multiplication rules
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As a consequence,
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As a consequence

where the 4x4 sigma matrix is

It follows that

Furthermore,
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Now, we introduce the Dirac v matrices as
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These matrices satisfy the relations
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Dirac Equation

The time-dependent Dirac equation is written (A = 1)
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This can be recast in terms of the gamma matrices as
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Introducing V = e¢ and AZXt = (/T, i¢/c), we may rewrite this as
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Now, let’s look at the adjoint equation:
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Introducing ¥ = 1Tv,, we find
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Current and Interaction Hamiltonian
The electron four-vector current is (e = —|e|),
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Here
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The Hamiltonian describing the interaction with an electromagnetic field described by A,
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It follows from the Dirac equation that current is conserved:
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Maxwell Equations

We use SI units and write Maxwell’s equations as
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Introduce potentials through
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Require the Lorentz condition:
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The inhomogeneous Maxwell equations become:
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We can write the Lorentz condition in the form:
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where

Introduce the field tensor

Explicitly,
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The inhomogeneous equations may be written
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