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1 Bound and Continuum States

Let us suppose that the orbital wave functions for an electron in a potential
V (r) are given by

φnlmσ(~r) =
1
r
Pnl(r)Ylm(r̂)χσ bound (1)

φεlmσ(~r) =
1
r
Pεl(r)Ylm(r̂)χσ continuum (2)

where the radial functions are normalized as∫ ∞
0

drPnl(r)Pn′l(r) = δnn′ (3)∫ ∞
0

drPεl(r)Pε′l(r) = δ(ε− ε′). (4)

For the free-particle case, we may write

Pεl(r) =
√

2m
πp

pr jl(pr) (5)

with p =
√

2mε.
Now let us consider the density, ρ(~r) assumed to be spherically symmetric

ρ(~r) ≡ ρ(r). The contribution to the density from bound states is

4πr2ρbound(r) =
∑
nl

2(2l + 1)
1 + e(εnl−µ)/kT

P 2
nl(r), (6)

and similarly, the contribution from continuum states is

4πr2ρcontin(r) =
∑
l

∫ ∞
0

dε
2(2l + 1)

1 + e(ε−µ)/kT
P 2
εl(r). (7)
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1.1 Free-Particle Continuum

Assuming that the continuum wave functions are approximated as free-particle
states, them we may write

4πr2ρcontin(r) ≈
∑
l

∫ ∞
0

dε
2(2l + 1)

1 + e(ε−µ)/kT

2m (pr)2

pπ
j2
l (pr) (8)

=
4mr2

π

∫ ∞
0

p dε
1

1 + e(ε−µ)/kT

∑
l

(2l + 1)j2
l (pr) (9)

=
2r2(2mkT )3/2

π

∫ ∞
0

y1/2dy
1

1 + ey−x
(10)

where y = ε/kT and x = µ/kT , and where we have used the identity∑
l

(2l + 1)j2
l (pr) = 1. (11)

This corresponds to a constant density

ρcontin(r) =
(2mkT )3/2

2π2
I1/2(x), (12)

with x = µ/kT . The Thomas-Fermi expression for the density is Eq. (12) with

x→ x(r) = [µ− V (r)] /kT. (13)

Blenski and Ishikawa [2] recommend that one evaluate the continuum contribu-
tion as

ρcontin =
1

4πr2

∑
l

∫ ∞
0

dε
2(2l + 1)

1 + e(ε−µ)/kT

[
P 2
εl(r)− P 2

εl free(r)
]
+

(2mkT )3/2

2π2
I1/2(x).

(14)
They assert that the partial wave sum in the first term in this expression con-
verges rapidly.

1.2 Nonrelativistic Problem

Let’s start with the radial Schrödinger equation

d2Pl
dr2

+ 2
(
E − V (r)− l(l + 1)

2r2

)
Pl = 0 (15)

In the field-free region, V = 0, we may rewrite this equation as

d2Pl
dr2

+
(
p2 − l(l + 1)

r2

)
Pl = 0, (16)

where we express the energy in terms of momentum through E = p2/2. Two in-
dependent solutions to this equation are Pl(r) = pr jl(pr) and Pl(r) = pr yl(pr),

2



where jl and yl are spherical Bessel and Hankel functions, respectively [1]. The
general solution to the radial equation in the field-free region may be written as
a linear combination of the two independent solutions:

Pl(r) = Nl [pr jl(pr) cos δl − pr yl(pr) sin δl] . (17)

This solution has the asymptotic limit

lim
r→∞

Pl(r) = Nl cos
(
pr + δl − (l + 1)

π

2

)
, (18)

and leads to the interpretation of δl as the continuum wave phase shift.
We integrate the radial Schrödinger equation outward from the origin to

the cavity boundary r = R and match the solution and it’s derivative to the
corresponding free-particle radial wave function and derivative:

Pl(R) = Nl
[
x jl(x) cos δl − x yl(x) sin δl

]
(19)

1
p
Ql(R) = Nl

[d[x jl(x)]
dx

cos δl −
d[x yl(x)]

dx
sin δl

]
, (20)

where x = pR. Solving, we find

Nl sin δl =
d[x jl(x)]

dx
Pl(R)− x jl(x)

1
p
Ql(R) (21)

Nl cos δl =
d[x yl(x)]

dx
Pl(R)− x yl(x)

1
p
Ql(R), (22)

where we have made use of the identity

x jn(x)
d[x yn(x)]

dx
− x yn(x)

d[x jn(x)]
dx

= 1. (23)

If we define

Sl =
d[x jl(x)]

dx
Pl(R)− x jl(x)

1
p
Ql(R)

= (l + 1)jl(x)Pl(R)− x
[
jl+1(x)Pl(R) + jl(x)

1
p
Ql(R)

]
(24)

Cl =
d[x yl(x)]

dx
Pl(R)− x yl(x)

1
p
Ql(R)

= (l + 1)yl(x)Pl(R)− x
[
yl+1(x)Pl(R) + yl(x)

1
p
Ql(R)

]
, (25)

where we have used the identity

d[xfl(x)]
dx

= (l + 1)fl(x)− xfl+1(x),

3



which holds for both fl(x) = jl(x) and fl(x) = yl(x). We find

tan δl =
Sl
Cl
, (26)

and
Nl =

√
S2
l + C2

l . (27)

The later result can be used to insure that the radial wave function is properly
normalized on the energy scale. To do this, we multiply Pl(r) and Ql(r) for all
r by the factor

A =
1
Nl

√
2
πp
.

The resulting wave function has the desired asymptotic limit

lim
r→∞

Pl(r) =
√

2
πp

cos
(
pr + δl − (l + 1)

π

2

)
(28)

1.3 Relativistic Problem

Let’s start with the radial Dirac equations

(
V +mc2

)
Gκ + c

(
d

dr
− κ

r

)
Fκ = EGκ (29)

−c
(
d

dr
+
κ

r

)
Gκ +

(
V −mc2

)
Fκ = EFκ. (30)

In the field-free region, V = 0, we may express Fκ in terms of Gκ through the
relation

Fκ = − c

E +mc2

(
d

dr
+
κ

r

)
Gκ. (31)

This leads to

− c2

E +mc2

(
d

dr
− κ

r

)(
d

dr
+
κ

r

)
Gκ −

(
E −mc2

)
Gκ = 0, (32)

or, equivalently, (
d2

dr2
− κ(κ+ 1)

r2

)
Gκ + p2Gκ = 0. (33)

We introduce the independent variable x = pr and note that κ(κ+1) = l(l+1),
where l = l(κ). We then write Gκ(r) = xfl(x). We find that fl(x) satisfies

x2 d
2fl
dx2

+ 2x
dfl
dx

+
[
x2 − l(l + 1)

]
fl = 0. (34)
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The solutions to this equation are spherical Bessel functions: jl(x) or yl(x).
Now, let us look at the small-component of the wave function. We write

Fκ(r) = − cp

E +mc2

(
d

dx
+
κ

x

)
xfl(x) (35)

= −
√
E −mc2
E +mc2

x

(
dfl
dx

+
1 + κ

x
fl

)
(36)

= −
√
E −mc2
E +mc2

x

(
dfl
dx

+
l + 1
x

fl

)
for κ = l (37)

= −
√
E −mc2
E +mc2

x

(
dfl
dx
− l

x
fl

)
for κ = −l − 1 (38)

= −
√
E −mc2
E +mc2

xfl−1(x) for κ = l (39)

=

√
E −mc2
E +mc2

xfl+1(x) for κ = −l − 1 (40)

= −Sgn(κ)

√
E −mc2
E +mc2

xfl′(x), (41)

where l′ = l(−κ).
Generally, in the potential-free region, we may write

Gκ(r) = Nκ pr [ cos δκjl(pr)− sin δκyl(pr)] , (42)

where Nκ is a suitably chosen normalization and δκ is a corresponding phase
shift. Let us look at the asymptotic form of this function. We have

xjl(x) → cos
(
pr − (l + 1)

π

2

)
(43)

xyl(x) → sin
(
pr − (l + 1)

π

2

)
(44)

Therefore,
Gκ(r)→ Nκ cos

(
pr + δκ − (l + 1)

π

2

)
. (45)

The general small-component wave function is

Fκ(r) = −Sgn(κ)

√
E −mc2
E +mc2

Nκ pr [ cos δκjl′(pr)− sin δκyl′(pr)] (46)

→
√
E −mc2
E +mc2

Nκ sin
(
pr + δκ − (l + 1)

π

2

)
. (47)

On the (relativistic) energy scale, one chooses

Nκ =

√
E +mc2

2E

√
2E
πc2p

(48)
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then the wave function in the field free region is

[
Gκ(r)
Fκ(r)

]
=

√
2E
πc2p


√

E+mc2

2E pr

(
cos δκjl(pr)− sin δκyl(pr)

)
−Sgn(κ)

√
E−mc2

2E pr

(
cos δκjl′(pr)− sin δκyl′(pr)

)


(49)
Asymptotically, this becomes[

Gκ(r)
Fκ(r)

]
→
√

1
πc2p

[ √
E +mc2 cos

(
pr + δκ − (l + 1)π2

)
√
E −mc2 sin

(
pr + δκ − (l + 1)π2

) ] (50)

We suppose that at the boundary r = R the numerically generated solution to
the radial Dirac equation has the form

A

[
Gκ(R)
Fκ(R)

]
where the radial functionsGκ(r) and Fκ(r) are the properly normalized free-field
functions given in Eq. (49). It follows that

A

[
Gκ(R)
Fκ(R)

]
=


√

E+mc2

πc2p pR

(
cos δκjl(pR)− sin δκyl(pR)

)
−Sgn(κ)

√
E−mc2
πc2p pR

(
cos δκjl′(pR)− sin δκyl′(pR)

)

(51)

These equations can be solved to give A and tan δκ:

A = 1/
√
S2
κ + C2

κ (52)
tan δκ = Sκ/Cκ, (53)

where

Sκ = pR

[
Sgn(κ)

√
πc2p

E +mc2
Gκ(R)jl′(pR) +

√
πc2p

E −mc2
Fκ(R)jl(pR)

]
(54)

Cκ = pR

[
Sgn(κ)

√
πc2p

E +mc2
Gκ(R)yl′(pR) +

√
πc2p

E −mc2
Fκ(R)yl(pR)

]
(55)
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